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 اىَسرخيص

 الأساسٜ ٍِ ٕزٓ اىشساىح ٕ٘ دساسح اىرحنٌ الأٍثو لأّظَح ٍحنٍ٘ح تَرثاْٝاخ ّصف اىرغاٝش  اىٖذف

 .اىضائذٝح راخ ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ ٗ راخ ٍرغٞشٛ ذحنٌ أحذَٕا ٝظٖش فٜ اىحذ اىَرؼذد اىقٌٞ

تؼذ رىل، قَْا تصٞاغح ٍسأىح . أٗلًا، قذٍْا فشاغاخ س٘ت٘ىٞف ىذٗاه راخ ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ

ٍرثاْٝح ّصف اىرغاٝش اىضائذٝح ٗ اىرٜ ذحر٘ٛ ػيٚ ٍؤثش ّاقصٜ رٗ ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ ٗ أثثرْا ٗخ٘د 

اػرَذّا فٜ طشٝقح الإثثاخ ػيٚ ػَيٞح اىرقشٝة راخ اىثؼذ اىَْرٖٜ ت٘اسطح أساط خاىٞشمِ ٗ . اىحي٘ه ىٖا

 .ٗ ٕٜ اىطشٝقح اىَفعيح ػادج ىذساسح اىَسائو اىرٜ ذنُ٘ فٖٞا خاصٞح اىن٘سٝسٞف ٍحققح. اىرقذٝشاخ الأٗىٞح

ثاّٞاً، قَْا تصٞاغح ٍسأىح اىرحنٌ اىَحنٍ٘ح تاىَْ٘رج اىساتق ٗ أثثرْا خاصٞح شثٔ الاذصاه اىؼي٘ٛ 

تؼذ رىل، أثثرْا ٗخ٘د صٗج اىرحنٌ الأٍثو اىَسَ٘ذ تٔ ٍسرخذٍِٞ ٕزٓ اىْرٞدح ٗ . ىَدَ٘ػح اىحي٘ه ىيَرثاْٝح

  .اىطشٝقح اىَثاششج فٜ حساب اىرغاٝش

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Abstract 

The main goal of this thesis is to study optimal control problem governed by 

hyperbolic hemivariational inequality with an infinitely many variables. 



First, we introduce Sobolev spaces of functions of infinite numbers of 

variables. Then, we establish the existence of solutions to a hyperbolic 

hemivariational inequality which contains the elliptic operator with an infinite 

number of variables. The approach relies on the finite dimensional approximation 

by means of a Galerkin basis and on the a priori estimates. This approach is rather 

common in the study of problems where kind of coercivity property holds true. 

Second, we formulate our control problem governed by the previous model 

and prove the upper semicontinuity property of the solution set of the inequality. 

Then, we use this result and the direct method of the calculus of variations to show 

the existence of optimal admissible control pairs.  
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 اىَيخص

ذضٗدّا ٕزٓ . ذط٘سخ ّظشٝح ٍرثاْٝاخ اىرغاٝش ذط٘ساً ٕائلًا، ٗ مزىل ٍسائو اىرحنٌ الأٍثو اىَْاظشج ىٖا

 .P.Dفٜ اىثَاّْٞاخ قذً . اىَرثاْٝاخ تَْ٘رج سٝاظٜ ٍْاسة ى٘صف اىؼذٝذ ٍِ اىَسائو اىفٞضٝائٞح

Panagiotopoulos [49-50] ذَثو ٕزٓ .  ّ٘ع خذٝذ ٍِ ٍرثاْٝاخ اىرغاٝش ذسَٚ تَرثاْٝاخ ّصف اىرغاٝش

اىَرثاْٝاخ اىصٞاغح اىرغاٝشٝح ىيَسائو اىفٞضٝائٞح ٗ اىَٞناّٞنٞح اىرٜ ذرعَِ داىٞاخ طاقح غٞش ٍحذتح ٗ غٞش 

دسسد ٍسائو اىرحنٌ الأٍثو . [11]ٍيساء ٗ رىل تاسرخذاً ٍفًٖ٘ اىرذسج اىَؼٌَ ىنلاسك ىذٗاه ىٞثشرض اىَحيٞح 

 ٗ ىنِ ٕزٓ اىَسائو أمثش ذؼقٞذاً ٍِ ذيل ىَرثاْٝاخ اىرغاٝش، ٗ [47,57-34,35,44]ىَرثاْٝاخ ّصف اىرغاٝش 

 . ٝشخغ رىل إىٚ فقذاُ خاصٞح اىرحذب ىذاىٞاخ اىطاقح

اىٖذف ٍِ ٕزٓ اىشساىح ٕ٘ دساسح اىرحنٌ الأٍثو لأّظَح ٍحنٍ٘ح تَرثاْٝاخ ّصف اىرغاٝش اىضائذٝح ػيٚ 

فشاغاخ س٘ت٘ىٞف ىذٗاه راخ ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ، ٗ راخ ٍرغٞشٛ ذحنٌ أحذَٕا ٝظٖش فٜ اىحذ 

تذأخ دساسح .  Ju. M. Berezanski and I. M. Gali [8-9]قذٍد ٕزٓ اىفشاغاخ ت٘اسطح . اىَرؼذد اىقٌٞ

ٍسائو اىرحنٌ الأٍثو لأّ٘اع ٍخريفح ٍِ اىَؤثشاخ اىَؼشفح ػيٚ فشاغاخ دٗاه راخ ػذد لا ّٖائٜ ٍِ 

. I. M. Gali et. al. [18-23] ،H. A. EL-Saify [14] ،W. Kotarsky [36]اىَرغٞشاخ ت٘اسطح  

 :ذرشمض ّرائدْا فٜ اىثاب اىشاتغ ٗ اىرٜ َٝنِ ذيخٞصٖا فٜ اىْقاغ اٟذٞح

صُاغح يتثاَُح َصف انتغاَس انصائدَح ذاخ عدد لا َهائٍ يٍ انًتغُساخ و إثثاخ وخىد  (1

اعتًدَا فٍ ذنك عهً عًهُح انتقسَة ذاخ انثعد انًُتهٍ تىاسطح . انحهىل نهرِ انًتثاَُاخ

و هٍ انطسَقح انًفضهح عادج ندزاسح انًسائم انتٍ . أساض خانُسكٍ و انتقدَساخ الأونُح

 .تكىٌ فُها خاصُح انكىزَسُف يتحققح

 .أخر انًسأنح انساتقح كًُىذج َظاو فٍ يسأنح انتحكى الأيثم و إثثاخ وخىد انحهىل نها (2

 

 :ّؼشض اُٟ ّثزج ٍخرصشج ػِ ٍحر٘ٝاخ اىشساىح فَٞا ٝيٜ

 :سلاسم انفراغاث راث انمؼايير انمىجبت و انسانبت: انباب الأول 

ٝؼرثش ٕزا اىثاب تاب ذَٖٞذٛ ٝرعَِ اىرؼشٝفاخ ٗ اىْظشٝاخ الأساسٞح اىرٜ ّحراج إىٖٞا فٜ اىشساىح ٗ 

 .ٕ٘ ٝرنُ٘ ٍِ ثلاثح فص٘ه

فٜ اىفصو اىثاّٜ قذٍْا ٍفًٖ٘ فشاغاخ ٕيثشخ . فٜ اىفصو الأٗه ػشظْا تؼط الأساسٞاخ فٜ اىرحيٞو اىَحذب

أٍا اىفصو الأخٞش، قذٍْا فٞٔ ٍفًٖ٘ اىعشب اىََرذ . راخ اىَؼاٝٞش اىساىثح ٗ ذنِ٘ٝ سلاسو فشاغاخ ٕيثشخ

 .اىَْرٖٜ ٗ اىلا ّٖائٜ ٍِ فشاغاخ ٕيثشخ

 

 :متبايناث انتغاير و نصف انتغاير: انباب انثاني

ٗظحْا فٜ اىفصو الأٗه ٍرثاْٝاخ اىرغاٝش ٗ ّظشٝاخ اى٘خ٘د ىٖا فٜ : ٝرنُ٘ ٕزا اىثاب ٍِ سرح فص٘ه

ّاقشْا ٍسأىح اىْٖاٝح اىصغشٙ ىيذاىٞاخ اىَحذتح ٗ ٕٜ ذَثو اىْظشٝاخ الأساسٞح ، فٜ اىفصو اىثاّٜ. حالاخ ػذج

ػشظد اىؼذٝذ ٍِ اىْرائح ٗ اىخصائص ىيرفاظو اىذّٜٗ ىيذاىٞاخ . ىَسأىح اىرحنٌ الأٍثو ٗ اىرٜ اسرخذٍد لاحقاً

اىَحذتح تالإظافح إىٚ اىْرائح الأساسٞح فٜ  اىرذسج اىَؼٌَ ىذٗاه ىٞثشرض اىَحيٞح فٜ اىفصيِٞ اىثاىث ٗ اىشاتغ 



فٜ اىفصيِٞ الأخٞشِٝ قذٍْا ٍرثاْٝاخ ّصف اىرغاٝش ٗ ٍرثاْٝاخ ّصف اىرغاٝش اىضائذٝح ػيٚ . ػيٚ اىر٘اىٜ

 .اىرشذٞة ٗ ّاقشْا ّظشٝاخ اى٘خ٘د فٜ ملا اىحاىرِٞ

 :انتحكم الأمثم لأنظمت محكىمت بىاسطت متبايناث نصف انتغاير: انباب انثانث

 :خصص ٕزا اىثاب ىذساسح ٍسأىح اىرحنٌ الأٍثو ىؼذج أّظَح ٍخريفح ماٟذٜ

. فٜ اىفصو الأٗه، قذٍْا ٍسأىح اىرحنٌ الأٍثو لأّظَح ٍحنٍ٘ح ت٘اسطح ٍؼادلاخ ذفاظيٞح خضئٞح ّاقصٞح

أٍا اىفصو الأخٞش، ّاقشْا فٞٔ ٍسأىح . ٝرؼاٍو اىفصو اىثاّٜ ٍغ ٍسائو اىرحنٌ الأٍثو ىَرثاْٝاخ ّصف اىرغاٝش

 . اىرحنٌ الأٍثو ىَرثاْٝاخ ّصف اىرغاٝش اىضائذٝح فٜ اىحاىح اىَخريطح

 :انتحكم الأمثم نمتبايناث نصف انتغاير انسائذيت راث ػذد لا نهائي من انمتغيراث: انباب انرابغ

ػشظْا فٜ اىفصو الأٗه فشاغاخ .  ٝحر٘ٛ ٕزا اىثاب ػيٚ ّرائدْا اىدذٝذج فٜ اىفصيِٞ اىثاىث ٗ اىشاتغ

فٜ اىفصو اىثاّٜ، قذٍْا ٍسأىح اىرحنٌ الأٍثو ىَؤثشاخ صائذٝح راخ . اىذٗاه راخ ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ

فٜ اىفصيِٞ الأخٞشِٝ، دسسْا ٗ أثثرْا ٗخ٘د اىحي٘ه ىنلا اىَسأىرِٞ ٍسأىح ٍرثاْٝح .ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ

ٕزٓ اىْرائح ذٌ . ّصف اىرغاٝش اىضائذٝح راخ ػذد لا ّٖائٜ ٍِ اىَرغٞشاخ ٗ ذطثٞقٖا فٜ ّظشٝح اىرحنٌ الأٍثو

 .إسساىٖا ىيرحنٌٞ فٜ ٍدلاخ ػاىَٞح
 

 



 

Summary 

The theory of variational inequalities has been considerably developed 

and the corresponding optimal control problems have been investigated by 

many authors [4, 13, 25, 32, 41]. These inequalities provide us with an 

appropriate mathematical model to describe many physical problems. In the 

80s, P. D. Panagiotopoulos [49-50] introduced a new kind of variational 

inequalities called hemivariational inequalities. These inequalities arise as a 

variational formulation for physical and mechanical problems with a 

nonsmooth and nonconvex energy functional, using the notion of generalized 

gradient of Clarke for locally Lipschitz functions [11]. The optimal control 

problem of hemivariational inequalities have been studied and investigated 

[34, 35, 44-47, 57]. These problems are more complicated than those of 

variational inequalities; due to the lack of convexity of the energy functional. 

The objective of this dissertation is to study the optimal control problem 

of systems governed by hyperbolic hemivariational inequalities on the 

Sobolev spaces of functions with infinite number of variables and with two 

control variables, one of them appearing as well as the solution in the 

multivalued term of hemivariational type. These spaces have been introduced 

by Ju. M. Berezanskii and I. M. Gali in [8-9]. The optimal control problems 

of systems governed by elliptic, parabolic and hyperbolic operators defined 

on spaces with an infinite number of variables are initiated and proved by I. 

M. Gali et. al. [18-22], H. A. EL-Saify [14] and W. Kotarskii [36]. The 

interest in the study of this class of operators is stimulated by problem in 

quantum field theory [6-7]. 

Our new results are concentrated in chapter IV, which can be 

summarized in the following points: 

1. Formulate the hyperbolic hemivariational inequalities with an 

infinite number of variables and prove the existence of the 

solutions of these inequalities. 

2. Take the last problem as a model of the system in the optimal 

control problem and prove the existence of the solution for the 

optimal control problem. 

A brief outline of the content of the dissertation is as follows: 

 

Chapter 1: Chains of Spaces with Positive and Negative Norms: 

This chapter is an introductory chapter. It consists of three sections, in 
which we give some of the essential definitions and theories needed in the 

dissertation. 

In section one, we present some of fundamentals of convex analysis. In 

the second section, we give the concept of Hilbert spaces with negative norms 



and the construction of chains of Hilbert spaces. The last section presents the 

concept of tensor product of finitely and infinitely many Hilbert spaces. 

Chapter 2: Variational and Hemivariational Inequalities: 

Contains six sections, the first section discuss the variational 

inequalities and its existence theorems in many cases. In section two, we 

study the minimization problem of convex functionals which presents the 

essential theories for the optimal control problem which are used later. Many 

results and properties of the subdifferential of convex functional, also some 

basic results of generalized gradient for locally Lipschitz functions are placed 

in section three and four respectively. In the last sections we present the 

hemivariational inequalities and hyperbolic hemivariational inequalities 

respectively and discuss the existence theorem for both of them.  

Chapter 3: Optimal Control Problems of System Governed by 

Hemivariational Inequalities: 

This chapter is devoted for optimal control problems of systems 

governed by many different models and it contains three sections. 

In section one, we present the optimal control of systems governed by 

elliptic partial differential equations. The second section deals with the 

optimal control of hemivariational. In the last section, we discuss the optimal 

control problem of hyperbolic hemivariational inequalities in the mixed case. 

Chapter 4: Optimal Control of Hyperbolic Hemivariational Inequalities 

with an Infinite Number of Variables: 

This chapter contains our new result in section three and four. Spaces of 

functions of infinite number of variables are given in first section. In section 

two, we present the optimal control of hyperbolic operators with an infinite 

number of variables. In the last two sections, we study and prove the 

existence of the solution for both hyperbolic hemivariational inequalities with 

an infinite number of variables and its application in the optimal control 

theory. These results are submitted for publication.     
 

 

 

 

 

 

 

 


