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Abstract

The main goal of this thesis is to study optimal control problem governed by

hyperbolic hemivariational inequality with an infinitely many variables.



First, we introduce Sobolev spaces of functions of infinite numbers of
variables. Then, we establish the existence of solutions to a hyperbolic
hemivariational inequality which contains the elliptic operator with an infinite
number of variables. The approach relies on the finite dimensional approximation
by means of a Galerkin basis and on the a priori estimates. This approach is rather
common in the study of problems where kind of coercivity property holds true.
Second, we formulate our control problem governed by the previous model
and prove the upper semicontinuity property of the solution set of the inequality.
Then, we use this result and the direct method of the calculus of variations to show

the existence of optimal admissible control pairs.
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Summary

The theory of variational inequalities has been considerably developed
and the corresponding optimal control problems have been investigated by
many authors [4, 13, 25, 32, 41]. These inequalities provide us with an
appropriate mathematical model to describe many physical problems. In the
80s, P. D. Panagiotopoulos [49-50] introduced a new kind of variational
inequalities called hemivariational inequalities. These inequalities arise as a
variational formulation for physical and mechanical problems with a
nonsmooth and nonconvex energy functional, using the notion of generalized
gradient of Clarke for locally Lipschitz functions [11]. The optimal control
problem of hemivariational inequalities have been studied and investigated
[34, 35, 44-47, 57]. These problems are more complicated than those of
variational inequalities; due to the lack of convexity of the energy functional.

The objective of this dissertation is to study the optimal control problem
of systems governed by hyperbolic hemivariational inequalities on the
Sobolev spaces of functions with infinite number of variables and with two
control variables, one of them appearing as well as the solution in the
multivalued term of hemivariational type. These spaces have been introduced
by Ju. M. Berezanskii and I. M. Gali in [8-9]. The optimal control problems
of systems governed by elliptic, parabolic and hyperbolic operators defined
on spaces with an infinite number of variables are initiated and proved by I.
M. Gali et. al. [18-22], H. A. EL-Saify [14] and W. Kotarskii [36]. The
interest in the study of this class of operators is stimulated by problem in
quantum field theory [6-7].

Our new results are concentrated in chapter IV, which can be
summarized in the following points:
1. Formulate the hyperbolic hemivariational inequalities with an

infinite number of variables and prove the existence of the
solutions of these inequalities.

2. Take the last problem as a model of the system in the optimal
control problem and prove the existence of the solution for the
optimal control problem.

A brief outline of the content of the dissertation is as follows:

Chapter 1: Chains of Spaces with Positive and Negative Norms:

This chapter is an introductory chapter. It consists of three sections, in
which we give some of the essential definitions and theories needed in the
dissertation.

In section one, we present some of fundamentals of convex analysis. In
the second section, we give the concept of Hilbert spaces with negative norms



and the construction of chains of Hilbert spaces. The last section presents the
concept of tensor product of finitely and infinitely many Hilbert spaces.
Chapter 2: Variational and Hemivariational Inequalities:

Contains six sections, the first section discuss the variational
inequalities and its existence theorems in many cases. In section two, we
study the minimization problem of convex functionals which presents the
essential theories for the optimal control problem which are used later. Many
results and properties of the subdifferential of convex functional, also some
basic results of generalized gradient for locally Lipschitz functions are placed
in section three and four respectively. In the last sections we present the
hemivariational inequalities and hyperbolic hemivariational inequalities
respectively and discuss the existence theorem for both of them.
Chapter 3: Optimal Control Problems of System Governed by
Hemivariational Inequalities:

This chapter is devoted for optimal control problems of systems
governed by many different models and it contains three sections.

In section one, we present the optimal control of systems governed by
elliptic partial differential equations. The second section deals with the
optimal control of hemivariational. In the last section, we discuss the optimal
control problem of hyperbolic hemivariational inequalities in the mixed case.
Chapter 4: Optimal Control of Hyperbolic Hemivariational Inequalities
with an Infinite Number of Variables:

This chapter contains our new result in section three and four. Spaces of
functions of infinite number of variables are given in first section. In section
two, we present the optimal control of hyperbolic operators with an infinite
number of variables. In the last two sections, we study and prove the
existence of the solution for both hyperbolic hemivariational inequalities with
an infinite number of variables and its application in the optimal control

theory. These results are submitted for publication.



